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Combinatorial semi-bandits

Unstructured d-armed bandit: ;. € RY
Actions: A < {0,1}¢
Semi-bandit feedback: pull A; € A and observe

Yt,At € R‘Ad ~ I_lazeAtVa

where v, is a one-parameter exponential family with mean

Efficient oracle to solve argmax 4. (14, ¢) for ¢ € R?
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Pure exploration for combinatorial semi-bandits

Goal: Best-answer, /*(u) := argmax,.z{1;, u) where Z < {0, 1}

Three rules:
e sampling rule, A€ A
® recommendationrule, I; € T

® stopping rule, 15
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Pure exploration for combinatorial semi-bandits

Goal: Best-answer, /*(u) := argmax,.z{1;, u) where Z < {0, 1}

Three rules:
e sampling rule, A€ A
® recommendationrule, I; € T

® stopping rule, 15

Objectives:

* Minimize E, [75] among §-PAC algorithm,
Py[rs =0 v I, #1*] <0

¢ Computationally efficient implementation
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Applications

¢ Routing

s —
P
s —
o

¢ Batch experiments
* Protein design

e i<—Z—\mino Acid
Protein aea @
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Contributions

* Game approach for pure exploration [Degenne et al., 2019] to
study combinatorial semi-bandits with arbitrary .A and Z.

¢ CombGame meta-algorithm, asymptotically optimal
algorithms with finite-time guarantees.

¢ Computationally efficient algorithm for best-arm
identification, being asymptotically optimal and empirically
competitive.
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Sample complexity lower bound

Theorem
Leté € (0,1). For all 6-PAC strategy, for all bandit v,
Ey[75] —1 ; E,[7s] —1
— % >D | >D
in(1/(2.40)) = v andlimsup s > Dy
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Sample complexity lower bound

Theorem
Leté € (0,1). For all 6-PAC strategy, for all bandit v,
E, [7'5] —1 : E, [76]
— % >D | >
n(1/(2.40)) = v and limsup s

D, = max inf {(W,adk (s, A))

i c
WeS A Ae@,*(“)
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CombGame meta-algorithm

1 unknown: y;, MLE
* Recommendation rule: It = I*(us—1)

e Stopping rule: GLRT
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CombGame meta-algorithm

1 unknown: ¢, MLE
* Recommendation rule: It = I* (p¢—1)
e Stopping rule: GLRT

e Sampling rule, two-player zero sum-game
— A-player (MAX): w; based on online learners
— A-player (MIN): given w;, \; using a best-response oracle
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Sampling rule

e Tracking: deterministic A; from w;
e Optimism: optimistic reward r; € RY
® Learner:

— Minimize RF := maxaca Y s_ {14, rs) — (Ws, Is)
— Update wy € A| 4 or Wy € Sq

Ay < RA

1
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Comparison of learners instantiating CombGame

‘ H Update ‘ Sparse ‘ Computational cost ‘ Learner's RF ‘

Hedge' Ay X O(|A]) O (In(t)+/)
AdaHedge? | A4 X O(|A]) O (In(t)V/t)
OFW? S v O (|B)) O (In(1)2t3/4)
LLOO* S v O(|Bil(d +In(|B]))) | O(In(t)v1)

with Bt := supp (2221 Ws>

"[Cesa-Bianchi et al., 2005]
2[Rooijj et al., 2014]
%[Hazan and Kale, 2012]
4[Garber and Hazan, 2013]
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Sample complexity upper bound

Theorem
Let ;1 € M bounded and an online learner with sublinear regret. The
instantiated CombGame meta-algorithm is asymptotically optimal:

. EV[TJ] —1
limsu <D
S0t In(1/8) S 77
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Experiment

Best-arm identification by playing batches of size k = 3 for a
Gaussian bandit with o = 0.1, § = 0.1, N = 750 runs.
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Results

¢ Uniform has suboptimal sample complexity. AdaHedge
outperforms Hedge, but both have high computational cost.
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Results

* OFW has low and almost constant computational cost, but has
suboptimal sample complexity.
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Results

® Main: LLOO has competitive sample complexity for a low and
almost constant computational cost.
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Summary

¢ Asymptotically optimal CombGame meta-algorithm for
transductive combinatorial semi-bandits

¢ Computationally efficient algorithm for best-arm identification
by playing actions, being asymptotically optimal and empirically
competitive.
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Appendix
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2

Algorithm: CombGame meta-algorithm
Input: Learner £

Output: Answer [

Perform initialization;

fort=ng+1,--- do

3 Compute candidate answer /; ;
4 If the stopping criterion met then return /; ;
5 Get w; from Ly, ; >A-player
6 Compute A; by using Best-Response Oracle ; =A-player
7 Compute optimistic reward r; ; >optimism
8 Feed L, with the reward r;;
9 Compute A; by using sparse C-Tracking ;

10 Observe a sample Y; 4, and update estimator ;

11 end
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Transformed Simplex

* Linear operator Wy : w e A4 —> W= Waw € S4.

A|_A\ (e RIAI

1

¢ Transform the high dimensional simplex into a low dimensional
transformed simplex, d « |A|.
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Learners on A4

Hedge-type Learners, Hedge [Cesa-Bianchi et al., 2005] and
AdaHedge [Rooijj et al., 2014]:

VAe A, Ua=arn)
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Learners on A4

Hedge-type Learners, Hedge [Cesa-Bianchi et al., 2005] and
AdaHedge [Rooijj et al., 2014]:

VAe A, Ua=arn)

Computationally inefficient due to non sparse:
* |Initialization: full.
e £, update: U; e R,

® Tracking: dense support.
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Learners on S 4, requirements

{
f

y
y

Online Convex Optimization (OCO) on a convex polytope:
® projection-free,
* one call to efficient oracle per round,
¢ efficient and incrementally sparse representation.
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Learners on S 4, requirements

y

Online Convex Optimization (OCO) on a convex polytope:
® projection-free,
* one call to efficient oracle per round,
¢ efficient and incrementally sparse representation.

Algorithms:
¢ Online Frank-Wolfe (OFW) [Hazan and Kale, 2012]
® Local Linear Optimization Oracle-based OCO (LLOO)
[Garber and Hazan, 2013].
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Learners on Sy

Use the efficient oracle, argmax . 414, 1)
e OFW: one FW step.
¢ LLOQ: iterative pairwise FW steps.
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Learners on Sy

Use the efficient oracle, argmax . 414, 1)
e OFW: one FW step.
¢ LLOQ: iterative pairwise FW steps.

Computationally efficient due to sparse:
¢ Initialization: covering.
* [, update: efficient oracle.

® Tracking: incrementally sparse.
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Finite-time Upper Bound

Theorem
Let M bounded, 1. € M. The instantiated CombGame
meta-algorithm satisfies:

2ed

E,.[75] < To(6) + =

B(t,9)
Dy

with To(9) =max{teN: t < + C, (Fw’f+h(t))}

where h(t) = O ( tIn(t)). R is the online Learner’s cumulative
regret.
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Algorithm: Sparse Tracking
Input: Weights, w; € A 4, the associated support, B; = A, and
the tracking mode
Output: Action to sample, A;
1 if tracking = "D" then

; Ni—1a .
2 ‘ Ap = argming g, == ;

3 else if fracking = "C" then

_ ; Ni—1,4
4 ‘ A = argmin,.g, ST wos

’

5 Return A;;

DINFK
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Algorithm: Stopping rule

Input: Candidate answer /;

Output: True if the stopping condition is met
1 forJe N(It) do

ot 2ae[d] Ni—1,a0kL(11t-1,a, Aa) ()
2 Zijg =4 (14— 1/,) 62— )2 (b)
23 a0 ﬁ
3 if Z; 4 < f((t,0) then
4 | Return False;
5 end
6 end

7 Return True;
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Algorithm: OFW
Input: D4, diameter of S4
1 if Get then
2 ‘ Return (wy, W, By);
3 if Feed then
s | R0 = (Sl g Alx = B - (x5 ;
5 A = argmlnA€A<1A, VF:(W)) ;

6 | (Wit W) = (1= 7 (W, wy) + 7174 (15, 05,) ;
7 Bii1 = By u {A};

DINFK
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Algorithm: LLOO
Input: Horizon T, upper bound on gradients G, D4 and
pA = /du4 depending on the geometry of Sy4
- D
Let’)/ = (3p€4) 1, n= W and

M=min{%% (pA+ﬁ>,1};

=y

2 if Get then
3 ‘ Return (w;, Wy, Br);
4 if Feed then
s | F(X) = Ix = il B0 (X4 xr)) 5
6 | Ar=argming (14, VF(W));
7 (Wf,—! Wi,—) = Areduce(wts Bh M: VFI(WI‘)) ;
8 (West, Weg1) = (W, wi) + v (M (1;\,, 5;\,) — (W, Wi—)) ;5
9 Bii1 = Bru {A};
DINFK
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Algorithm: LLOQ’s 4reduce
Input: w € A4 with sparse support B, probability mass M € R
and cost vector ¢ € RY
1 YAe B, Ia={140);
Let iy, - -- ,i|5‘ be a permutation such that IA,1 == IA’|B\

N

3 Let k be the smallest integer such that Z}; WA, M;

(v"v_,w_) =

Z 1 Wa, (1A,).,5A,-j> +( Z 1 WA,) <1A,k,5A,-k> ;

Return (W_, w_);

£

(3]
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